ABSTRACT This paper aims to present a novel outranking approach of the preference ranking organization method for enrichment evaluations (PROMETHEEs) based on Pythagorean fuzzy sets for multiple criteria decision analysis. The proposed method utilizes a novel Pythagorean fuzzy precedence index, which is based on the difference of scalar functions under anchored judgments with respect to the superiority/inferiority Pythagorean fuzzy numbers. To appropriately describe the hesitation between indifference and preference in the Pythagorean fuzzy context, this paper introduces useful precedence-based preference functions to establish the precedence relations based on pairwise comparisons. As a multiple criteria measure under Pythagorean fuzzy uncertainty, the concept of overall preference indices is identified at the aggregation stage to exploit certain rules for generating PROMETHEE flows. Next, this paper provides effective Pythagorean fuzzy PROMETHEE I and II ranking procedures to determine partial and complete preorders, respectively, among competing alternatives. The developed Pythagorean fuzzy PROMETHEE-based outranking approach is comparatively validated using a real-world application concerning the selection problem of bridge construction methods. The solution results along with a comparison analysis demonstrate that the proposed methodology outperforms the comparative approach in terms of reasonability and stability.
I. INTRODUCTION
Multiple criteria decision analysis (MCDA) has been widely investigated and successfully applied to many fields, owing to its great capability of modelling the process of actual decision-making problems and establishing proper evaluation and assessment mechanisms. With the development of management and economics, real-world decision-making problems are becoming diversified and complicated to an increasing extent [1] , [2] , especially within a changeable and unpredictable environment. In this regard, how to appropriately describe and represent assessment information of evaluating alternatives with respect to criteria under complex uncertainty is one of the most significant issues in modern decision-making theory.
Fuzzy set theory provides a convenient and efficient tool for characterizing imprecision by membership functions in [0, 1] and managing MCDA problems with vagueness and uncertainty [3] - [5] . Nonetheless, in real decision situations, sometimes the membership function of an ordinary fuzzy set is not enough to depict the characters of assessment information because of the complexity of evaluation values and the ambiguity of human subjective judgments [1] , [5] . To overcome this shortcoming and extend ordinary fuzzy sets, relevant theory of nonstandard fuzzy sets has been developed to capture more useful information under imprecise and uncertain circumstances. Yager [6] - [8] and Yager and Abbasov [9] introduced a new class of nonstandard fuzzy sets called Pythagorean fuzzy (PF) sets. PF sets are characterized by a membership degree and a non-membership degree satisfying the condition that their square sum is not greater than 1. Due to this relaxed condition, PF sets are more general than other nonstandard sets, such as intuitionistic fuzzy sets, making the PF theory more powerful and useful than other nonstandard fuzzy models. Furthermore, Zhang and Xu [10] presented the detailed mathematical expression for PF sets and put forward the concept of PF numbers.
After the inception of PF sets, the PF theory has drawn much attention, especially in the MCDA field. For example, based on similarity measures, Biswas and Sarkar [3] conducted group decision making using PF-dependent averaging operators and PF-dependent geometric operators. Çoban and Onar [4] extended the life cycle cost and levelized cost of energy methods to PF contexts and applied them in solar energy investment decisions. Garg [11] presented a new concept of the hesitant PF sets and developed some aggregation operators for MCDA. Naz et al. [5] applied the PF graph theory in decision making based on PF preference relations. Tang and Wei [12] proposed some generalized Pythagorean 2-tuple linguistic weighted Bonferroni mean operators and employed them to solve MCDA problems of green supplier selection. Wan et al. [13] introduced a threephase method for solving a group decision-making problem with PF numbers and applied it to haze management. Xian et al. [14] proposed the principal-value PF number and the principal-value PF set to develop a novel ranking function for MCDA. Xu et al. [2] presented a novel multiple criteria group decision-making method based on PF interaction Muirhead means.
Based on numerous researches in the decision-making area, the theory of PF sets has a great capability to describe uncertain information contained in MCDA problems using a flexible and effective manner [15] - [19] . Additionally, PF sets show a wider applicability than other nonstandard fuzzy models and have been prosperously applied in various fields [5] . However, relatively few studies focus on the development of the preference ranking organization method for enrichment evaluations (PROMETHEE) based on PF sets. The PROMETHEE, initially introduced by Brans [20] and further extended by Brans and Vincke [21] and Brans et al. [22] , is one of the famous outranking models for MCDA. According to individual characteristics of criteria, PROMETHEE provides six typical preference functions for selection, consisting of the usual criterion, the quasi-criterion, the criterion with linear preference, the level criterion, the criterion with linear preference and indifference area, and the Gaussian criterion. These preference functions furnish the basis for the construction of outranking relations and the exploitation of preference rankings [23] , [24] . PROMETHEE can adapt to real-world problems by means of six preference functions and their corresponding parameters. Moreover, relevant PROMETHEE ranking procedures are easily comprehended by the decision maker. Accordingly, the PROMETHEEbased methodology has become the commonly used outranking model in conception and application for MCDA [25] . Since PF sets' appearance, the PF theory has drawn much attention, especially in the MCDA field. Nevertheless, to the best of our knowledge, very few research has extended PROMETHEE to the decision environment based on PF sets or developed the PF PROMETHEE methods. For these reasons, this paper attempts to present a new PROMETHEEbased outranking model based on the theory of PF sets to address MCDA problems in the PF context.
The purpose of this paper is to develop a novel PF PROMETHEE-based outranking approach for addressing MCDA problems under complex uncertainty based on PF sets. The most characteristic of the developed approach is the concepts of PF precedence indices and precedencebased preference functions. Based on the scalar function with respect to certain anchor points of reference, this paper introduces the PF precedence index and explores its desirable properties. Using the PF precedence index to determine the precedence relation via pairwise comparisons of evaluative ratings, this paper establishes six types of precedence-based preference functions depending on the nature of criteria. This paper presents the PF PROMETHEE I and II methods as an exploitation procedure for acquiring partial preorders and complete preorders, respectively, among candidate alternatives. In particular, the concept of overall preference indices is provided to be a multiple criteria measure in the PF context for generating relevant PROMETHEE flows. This paper employs the developed approach to a practical case concerning the selection problem of bridge construction methods for validating its practical feasibility and applicability. Furthermore, a comparison analysis and discussions are conducted to examine the usefulness and superiority of the proposed methodology.
The remainder of this paper is organized as follows. Section 2 briefly introduces some basic concepts of PF sets. Section 3 formulates an MCDA problem within the PF environment and constructs a useful concept of PF precedence indices. Several essential and desirable properties possessed by the PF precedence index are investigated as well. Section 4 develops a novel PF PROMETHEE-based outranking approach based on six types of precedence-based preference functions for addressing MCDA problems under complex PF uncertainty. Section 5 applies the proposed methodology to a real-world problem of selecting a bridge construction method to demonstrate its feasibility and practicality. Moreover, some comparative discussions with other relevant approaches are conducted to demonstrate the effectiveness and advantages of the developed techniques. Finally, Section 6 presents the conclusions.
II. PRELIMINARIES
This section reviews some basic concepts related to PF sets and Pythagorean membership grades that are useful in this study.
Since Yager [6] , [7] and Yager and Abbasov [9] initially introduced the theory of PF sets, Zhang and Xu [10] provided a general mathematical form of PF sets that are characterized by flexible degrees of membership, non-membership, and indeterminacy. Let P denote a PF set which is defined as a set of ordered pairs of membership and non-membership in a finite universe of discourse X . The PF set P is given as 54496 VOLUME 6, 2018 follows:
which is characterized by the degree of membership µ P : X →[0, 1] and the degree of non-membership ν P : X →[0, 1] of the element x ∈ X in the set P with the condition:
For convenience, let p = (µ P (x), ν P (x)) denote a PF number. The degree of indeterminacy relative to P for each x is defined as follows:
More fundamentally, a unique feature of PF sets is the direction of strength of a PF number. Yager [6] - [8] and Yager and Abbasov [9] referred to the membership grades associated with PF sets as Pythagorean membership grades. In addition, a fuzzy set having Pythagorean membership grades is a PF set. Specifically, a Pythagorean membership grade is a point on a circle of radius r P (x); a comprehensive way to represent a PF number p is based on a pair of values r P (x) and d P (x) for each x ∈ X . The PF number p is equivalently expressed as (r P (x), d P (x)), where r P (x) ∈ [0, 1] denotes the strength of commitment at x and d P (x) ∈ [0, 1] denotes the direction of commitment. In particular, (r P (x), d P (x)) can be alternately represented as the polar coordinates (r P (x), θ P (x)). Here, θ P (x) is expressed as radians in the range [0, π/2]; it is defined as follows:
It is noted that r P (x) and d P (x) are associated with a pair of the membership degree µ P (x) (indicating the support for membership of x in P) and the non-membership degree ν P (x) (indicating the support against membership of x in P). Their relationships are given as follows:
Equation (7) is satisfied because of the Pythagorean theorem that sin 2 
2 . As a result, µ P and ν P are Pythagorean complements with respect to r P (x).
In the case that d P (x) = 1, it is obtained that θ P (x) = 0. This implies that cos (θ P (x)) = 1 and sin (θ P (x)) = 0. Thus, µ P (x) = r P (x) and ν P (x) = 0. In contrast, consider the situation when d P (x) = 0. It is known that θ P (x) = π/2, which results in cos (θ P (x)) = 0 and sin (θ P (x)) = 1. Accordingly, µ P (x) = 0 and ν P (x) = r P (x). Therefore, the closer d P (x) to 1, the closer θ P (x) to 0, the more the commitment r P (x) is supporting membership of x in P. On the contrary, the closer d P (x) to 0, the closer θ P (x) to π/2, the more the commitment r P (x) is disapproving membership of x in P. Consider a special case of a neutral direction of commitment. That is, when µ P (x) = ν P (x), it implies that θ P (x) = π/4. Thus, from (4), it can be concluded that d P (x) = (π − 2 · θ P (x))/π = 0.5, which indicates that the commitment direction is neutral.
Yager [6] , [7] utilized the Takagi-Sugeno approach to construct a function V from fuzzy rule bases. More precisely, the scalar function V (p) can provide a scalar value associated with each PF number p. When p is expressed as (r P (x), d P (x)), V (p) is defined as follows:
Consider the PF number p is expressed as (r P (x), θ P (x)).
)/π, the function V (p) can be also expressed as the following formula:
III. PF PRECEDENCE INDICES
This section first formulates MCDA problems in which evaluative ratings of alternatives on criteria are expressed with PF sets. Next, based on the scalar function V with respect to certain anchor points, this section establishes a useful concept of PF precedence indices and investigates their useful and desirable properties.
candidate alternatives, and let C = {c 1 , c 2 , · · · , c n } be a finite set of n (n ≥ 2) evaluative criteria. The set C is generally divided into C I (i.e., the set of benefit criteria) and C II (i.e., the set of cost criteria), where C I ∩C II = ∅ and C I ∪C II = C. Let w = {w 1 , w 2 , · · · , w n } be the weight vector of criteria, where w j ∈ [0, 1] and n j=1 w j = 1. To describe an MCDA problem based on PF sets, let a PF number p ij = (µ ij , ν ij ) denotes the evaluative rating of alternative z i ∈ Z with respect to criterion c j ∈ C. The PF decision matrix p = [p ij ] m×n is concisely expressed as follows:
For a PF evaluative rating p ij in p, the strength of commitment r ij is obtained using (7) as follows:
Based on (5) and (6), the radians θ ij in the polar coordinates (r ij , θ ij ) is derived either by providing the µ ij and r ij values or by the ν ij and r ij values as follows:
By utilizing (9) , the scalar function can be obtained as follows:
As demonstrated in the following theorem, the function V (p ij ) possesses several desirable and important properties; thus, it can provide a solid basis to establish useful concepts of PF VOLUME 6, 2018 precedence indices and precedence-based preference functions.
Theorem 1: Let p ij be a PF evaluative rating in the PF decision matrix p. The scalar function V (p ij ) (= F(r ij , θ ij )) associated with each p ij satisfies the following properties: 
are straightforward by use of the definition in (9) . For (T1.5), when r ij is fixed, one can obtain:
It is easy to see that dV (p ij )/dθ ij decreases as θ ij increases. Accordingly, V (p ij ) decreases as the θ ij value increases from 0 to π/2 on a fixed value for r ij . For (T1.6) and (T1.7), because θ ij is fixed, the following result can be acquired:
It can be observed that dV (p ij )/dr ij increases as θ ij increases when θ ij < π/4. Moreover, dV (p ij )/dr ij decreases as θ ij increases when θ ij > π/4. Therefore, on a fixed value for θ ij , V (p ij ) increases as r ij increases when θ ij < π/4; i.e., (T1.6) is correct. On the other hand, on a fixed θ ij value, V (p ij ) decreases as r ij increases when θ ij > π/4; i.e., (T1.7) is valid. This establishes the theorem. Based on the function V , this paper considers the scalar difference between the PF evaluative rating p ij and the superiority/inferiority PF numbers to define the concept of PF precedence indices. This paper provides anchor points of reference based on the PF decision matrix p to locate the superiority and inferiority PF numbers. It is worthwhile to notice that the superiority and inferiority PF numbers would be frequently displaced because they are responsive to changes of all of the PF evaluative ratings among the m alternatives.
For a PF decision matrix p, the superiority PF number p * j and the inferiority PF number p #j with respect to each criterion c j ∈ C (= C I ∪ C II , where C I ∩ C II = ∅) are defined as follows:
By use of (7), the commitment strengths r * j and r #j corresponding to p * j and p #j , respectively, are determined as follows:
The radians θ * j and θ #j corresponding to p * j and p #j , respectively, are calculated either by employing the µ and r values based on (5) or by the ν and r values based on (6) as follows:
Based on the scalar functions
, and V (p #j ) (= F(r #j , θ #j ) = 0.5+r #j (0.5−2·θ #j /π)), the PF precedence index I V (p ij ) of p ij is defined as follows:
Theorem 2: For each PF evaluative rating p ij (with the polar coordinates (r ij , θ ij )) in the PF decision matrix p, the PF precedence index I V (p ij ) satisfies the following properties:
. Proof: (T2.1) can be easily proven because the scalar functions V (p ij ), V (p * j ), and V (p #j ) range from 0 to 1 based on (T1.1). For (T2.2), because p ij = p #j , it is known that
Based on the properties of (T1.1) and (T1.2), (T2.4) can be easily verified because:
.
Moreover, based on (T1.1) and (T1.3), (T2.5) can be proven analogously because:
This completes the proof. Consider each couple of alternatives (z i , z i ) (z i , z i ∈ Z and i = i ) with respect to criterion c j ∈ C. The precedence 54498 VOLUME 6, 2018 relation between the PF evaluative ratings p ij and p i j can be determined by comparison of their PF precedence indices I V (p ij ) and I V (p i j ). More precisely, for any two p ij and p i j in p, the following precedence relations can be obtained:
Following the above rationale, the concept of the PF precedence indices can facilitate intra-criteria comparisons among alternatives and furnish a sound basis for subsequent development of precedence-based preference functions.
IV. A PF PROMETHEE-BASED OUTRANKING METHOD
Based on the concept of PF precedence indices, this section attempts to establish six types of precedencebased preference functions and develop an effective PF PROMETHEE-based outranking approach to address MCDA problems within the PF environment.
The PF precedence index I V (p ij ) of a PF evaluative rating p ij can be employed to determine the precedence relation between p ij and other PF evaluative ratings. After constructing the precedence relations based on pairwise comparisons, this paper provides an exploitation procedure to obtain partial and complete rankings of candidate alternatives using the PF PROMETHEE I and II, respectively. In order to support the decision maker to enrich the precedence relations under complex PF uncertainty, this paper provides several novel and useful precedence-based preference functions. These functions are defined separately for individual characteristics of criteria, and their values will be between 0 and 1.
To give a better view of a larger area of indifference, as well as an area of hesitation between indifference and preference in the PF context, this paper introduces Types I-VI precedence-based preference functions based on PF precedence indices. Let h η (p ij , p i j ) denote the Type η precedencebased preference function which indicates the intensity of the preference of p ij over p i j according to the principle of ''the higher the better'' for the I V values. Here, η denotes an index corresponding to the type of precedence-based preference functions, where η ∈ {I, II, · · · , VI}.
Based on a usual criterion in classical PROMETHEE, the Type I precedence-based preference function is defined as follows:
No parameter is required to be defined in this case. When the PF precedence indices I V (p ij ) and I V (p i j ) are different (i.e., p ij V p i j or p ij ≺ V p i j ), the decision maker has a strict preference for the PF evaluating rating having the larger I V value. Moreover, there is indifference between the alternatives z i and z i in terms of criterion c j only when
Based on a quasi-criterion, the Type II precedence-based preference function is defined as follows:
The indifference threshold q has to be designated in this case, where 0 ≤ q ≤ 1. The decision maker considers the alternatives z i and z i indifferently with respect to criterion c j as long as the difference I V (p ij ) − I V (p i j ) does not exceed q. Moreover, there is a strict preference when the value of I V (p ij ) − I V (p i j ) exceeds q. This function enriches the indifference relation of p ij ∼ V p i j ; it considers a larger area of indifference. Based on a criterion with linear preference, the Type III precedence-based preference function is defined as follows:
The preference threshold ρ has to be defined in this case, where 0 ≤ ρ ≤ 1. The intensity of preferences increases linearly until with the difference
There is a strict preference when the value of I V (p ij )−I V (p i j ) becomes greater than ρ. This function enriches the precedence relations of p ij V p i j and p ij ≺ V p i j ; it considers an area of hesitation between indifference and preference. Based on a level criterion, the Type IV precedence-based preference function is defined as follows:
Two parameters (i.e., the indifference threshold q and the preference threshold ρ) are to be designated in this case, where 0 ≤ q ≤ ρ ≤ 1. It is noted that q and ρ are not necessarily equal in practice; thus, one can let 0 ≤ q < ρ ≤ 1. The alternatives z i and z i are considered as indifferent about criterion c j if the difference
There is a medium preference when the difference
Above the ρ value, there is a strict preference of z i over z i on c j . Based on a criterion with linear preference and indifference area, the Type V precedence-based preference function is defined as follows:
The indifference threshold q and the preference threshold ρ are simultaneously employed. The decision maker considers VOLUME 6, 2018 that z i and z i are indifferent with respect to c j as long as
Above the q value, the intensity of preferences increases linearly from indifference to strict preference in the area between the parameters q and ρ; after the ρ value the preference becomes strict. Based on the Gaussian criterion, the Type VI precedencebased preference function is defined as follows:
In this case, a parameter named the Gaussian threshold σ has to be defined. The σ value can be directly connected with the standard deviation of a normal distributions in statistics. Another determination approach is to designate σ as an intermediate value between q and ρ [25] , [26] , i.e., q ≤ σ ≤ ρ. There is indifference between z i and z i with respect to c j when
the intensity of preferences grows with the difference
The decision maker has to assign an appropriate type of precedence-based preference functions to each evaluative criterion and designate the corresponding parameters (q, ρ, and/or σ ). Of course, this work can possibly be finished interactively between the decision maker and the analyst. Next, a multiple criteria measure H , named the overall preference index, is identified by incorporating the weight vector of criteria (i.e., w = {w 1 , w 2 , · · · , w n }) into the precedencebased preference functions. Specifically, for each couple of alternatives (z i , z i ) (z i , z i ∈ Z and i = i ), let H (z i , z i ) denote the overall preference index for z i with regard to z i across all the criteria; it is defined as follows:
where 0 ≤ H (z i , z i ) ≤ 1. Suppose that all of the criteria have the same importance. In this special case, the overall preference index becomes:
The overall preference index H (z i , z i ) represents the intensity of preference for z i over z i when all the criteria are considered simultaneously; the closer to 1, the greater the preference. This paper provides two techniques for solving the ranking problem in MCDA within the PF environment. Based on the concept of the overall preference indices, this paper defines three types of the PROMETHEE flows and establishes the PF PROMETHEE I and II ranking procedures for acquiring the partial and complete ranking orders, respectively, among competing alternatives. More precisely, to evaluate all alternatives in Z by using the precedence relations at all criteria being considered, this paper presents the following three PROMETHEE flows. The leaving flow + (z i ), the entering flow − (z i ), and the net flow (z i ) of alternative z i ∈ Z are defined as follows:
The larger the leaving flow + (z i ), the more the alternative z i dominates the other alternatives in Z . The smaller the entering flow − (z i ), the less the alternative z i is dominated by the other alternatives in Z . Following the above rationale based on the two PROMETHEE flows, this paper presents the PF PROMETHEE I ranking procedure to determine the partial preorder ( I , ∼ I , R) as follows:
z i Rz i (z i and z i are incomparable) otherwise.
If the decision maker would like to achieve the MCDA problem by using the complete preorder instead of the partial preorder, the net flow (z i ) can be employed to avoid any incomparability and induce overall outranking relations for ranking the alternatives. Based on the net flows, this paper presents the PF PROMETHEE II ranking procedure to determine the complete preorder ( II , ∼ II ) as follows:
The proposed PF PROMETHEE-based outranking approach for addressing MCDA problems under complex uncertainty based on PF sets can be summarized as the following algorithms. Specifically, Algorithms I and II demonstrate the algorithmic procedures of the PF PROMETHEE I and II methods, respectively.
1) ALGORITHM I: THE PF PROMETHEE I METHOD
Step I.1: Formulate an MCDA problem. Specify the set of candidate alternatives Z = {z 1 , z 2 , · · · , z m }. Identify the set of evaluative criteria C = {c 1 , c 2 , · · · , c n }, which is divided into C I and C II .
Step I.2: Build a PF decision environment. Construct a PF decision matrix p = [p ij ] m×n , which is composed of the PF 54500 VOLUME 6, 2018 evaluative rating p ij of each alternative z i ∈ Z with respect to criterion c j ∈ C. Compute the strength of commitment r ij and the radians θ ij for each p ij using (11) and (12), respectively.
Step I.3: Define the characteristics of criteria. Establish the weight vector w = (w 1 , w 2 , · · · , w n ) of criteria. Assign an appropriate type of precedence-based preference functions to each criterion c j and designate the corresponding parameters q, ρ, and/or σ .
Step I.4: Locate anchor points of reference. Determine the superiority PF number p * j and the inferiority PF number p #j for each c j using (13) and (14), respectively. Derive the commitment strengths r * j and r #j as well as the radians θ * j and θ #j using (15)- (18), respectively.
Step I.5: Derive the PF precedence indices. Employ (9) to compute the scalar functions V (p ij ), V (p * j ), and V (p #j ) in relation to p ij , p * j , and p #j , respectively. Use (19) to acquire the PF precedence index I V (p ij ) for each p ij .
Step I.6: Obtain precedence-based preference functions. Compute the Type η precedence-based preference function h η (p ij , p i j ) of p ij over p i j according to the designated types in (20)− (25), where η ∈ {I, II, · · · , VI} and i, i ∈ {1, 2, · · · , m}.
Step I.7: Acquire overall preference indices. Combine the weight vector w to derive the overall preference index H (z i , z i ) for z i over z i using (26) , where z i , z i ∈ Z and i = i .
Step I.8: Identify PF PROMETHEE I flows. Use (28) and (29) to compute the leaving flow + (z i ) and the entering flow − (z i ), respectively, for each z i ∈ Z .
Step I.9: Conduct PF PROMETHEE I ranking. Employ the procedures in (31)−(33) to determine the partial preorder ( I , ∼ I , R) for the set Z of alternatives.
2) ALGORITHM II: THE PF PROMETHEE II METHOD
Steps II.1−II.7: See Steps I.1−I.7.
Step II.8: Identify PF PROMETHEE II flows. Use (28)−(30) to compute the leaving flow + (z i ), the entering flow − (z i ), and the net flow (z i ), respectively, for each z i ∈ Z .
Step II.9: Conduct PF PROMETHEE II ranking. Employ the procedures in (34) and (35) to determine the complete preorder ( II , ∼ II ) for the set Z of alternatives. The alternative with the largest (z i ) value is the best choice.
V. APPLICATION AND COMPARISON ANALYSIS
To examine the feasibility and applicability of the PF PROMETHEE-based outranking approach, this section attempts to employ the proposed methods to a practical case concerning the selection problem of bridge construction methods. Moreover, this section conducts some comparative discussions with other relevant approaches to validate the effectiveness and advantages of the developed techniques.
A. PRACTICAL APPLICATION
The investigated case was adopted and modified from the real-world problem introduced by Chen [15] and Wang and Chen [27] . This study explored the construction of the concrete-based bridge superstructure for the Suhua Highway Alternative Road Project in Taiwan, which involved four widely used bridge construction methods: the advanced shoring method (z 1 ), the incremental launching method (z 2 ), the balanced cantilever method (z 3 ), and the precast segmental method (z 4 ). The bridge construction criteria selected for this project were based on eight criteria, consisting of durability (c 1 ), damage cost (c 2 ), construction cost (c 3 ), traffic effect (c 4 ), site condition (c 5 ), climatic condition (c 6 ), landscape (c 7 ), and environmental impact (c 8 ). Of the eight criteria, durability and site condition are benefit criteria, whereas the remaining criteria are cost criteria.
First, the proposed PF PROMETHEE I method shown in Algorithm I was utilized to help the authority determine the partial preorder of the four bridge construction methods for decision aiding. In Step I.1, the set of candidate alternatives is denoted by Z = {z 1 , z 2 , z 3 , z 4 }. The set of evaluative criteria is denoted by C = {c 1 , c 2 , · · · , c 8 }, which is divided into
It is worthwhile to mention that the evaluative ratings provided by Wang and Chen [27] belong to interval-valued intuitionistic fuzzy information. Chen [15] further converted these data into the interval-valued PF numbers. Because the decision environment under study is based on PF sets, this paper presents a simple procedure to convert the intervalvalued intuitionistic fuzzy data in Wang and Chen [27] into the PF numbers.
ij ]) denote the interval-valued intuitionistic fuzzy rating of an alternative z i ∈ Z in terms of criterion c j ∈ C. A midpoint approach was first employed to obtain the intuitionistic fuzzy rating p 0 ij as follows:
where its degree of indeterminacy π 0 ij = 1−µ 0 ij −ν 0 ij . To establish a PF evaluative rating p ij related to p 0 ij , the degrees of membership, non-membership, and indeterminacy are determined in the following manner:
where the obtained results fulfill the condition of a PF number, i.e., (µ ij ) 2 + (ν ij ) 2 + (π ij ) 2 = 1. In Step I.2, in regard to the bridge construction case, this paper converted the interval-valued intuitionistic fuzzy VOLUME 6, 2018 data [27] into the PF evaluative ratings according to the transformation procedure in (36)−(39). The PF decision matrix was constructed as p = [p ij ] 4×8 , in which the PF evaluative ratings are listed in Table 1 . Next, the strength of commitment r ij and the direction of commitment d ij associated with each p ij were calculated. It is worthy to mention that the radians θ ij can be determined using three basic ways:
The computation results of r ij , d ij , and θ ij related to each p ij are presented in Table 1 .
In Step I.3, this paper adopted and modified the preference information provided in Wang and Chen [27] . It is noted that the original importance weights of criteria were represented with interval-valued intuitionistic fuzzy information. Letw 0 j denote the importance weight of c j , wherew 0
. To acquire the scalar weights, this paper provided the following normalization procedure to determine the weight w j of criterion c j :
where 0 ≤ w j ≤ 1 and 6 , Type II for c 7 , and Type V for c 8 . Moreover, the parameters were designated as follows: the indifference threshold q = 0.1, the preference threshold p = 0.5, and the Gaussian threshold σ = 0.4. Table 2 summaries the relevant characteristics of the eight evaluative criteria.
In
Step I.4, based on the PF evaluative rating p ij in Table 1 , this paper determined the superiority/inferiority PF numbers p * j and p #j , the commitment strengths r * j and r #j , and the radians θ * j and θ #j for each c j . The obtained results are depicted in Table 3 .
In Step I.5, the obtained results of the scalar functions V (p ij ), V (p * j ), and V (p #j ) are revealed in the top part of 54502 VOLUME 6, 2018 Table 4 . Moreover, the bottom part of Table 4 demonstrates the determination results of the PF precedence index I V (p ij ) for all evaluative rating p ij .
In Step I.6, based on the designated types of precedencebased preference functions, this paper derived the values of h η (p ij , p i j ) regarding p ij over p i j for all i, i ∈ {1, 2, 3, 4} (i = i ). The computation results are indicated in Table 5 .
Step I.7, this paper determined the overall preference index H (z i , z i ) for z i over z i by combining the precedencebased preference functions with the weight vector (0.1404, 0.1252, 0.1090, 0.0839, 0.1361, 0.1252, 0.1408, 0.1394); the obtained results are revealed in the left part of Table 6 . In Step I.8, the PF PROMETHEE I flows consisting of the leaving flow + (z i ) and the entering flow − (z i ) were identified, as shown in the right part of Table 6 .
In Step I.9, this paper applied the PF PROMETHEE I ranking procedures in (31)−(33) and yielded the partial preorders 
FIGURE 1.
Comparison results of the overall preference index H(z i , z i ) for each couple of alternatives (z i , z i ).
